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ABSTRACT
The degeneracy between disc and halo contributions in spiral galaxy rotation curves
makes it difficult to obtain a full understanding of the distribution of baryons and
dark matter in disc galaxies like our own Milky Way. Using mock data, we study
how constraints on dark matter profiles obtained from kinematics, strong lensing,
or a combination of the two are affected by assumptions about the halo model. We
compare four different models: spherical isothermal and Navarro-Frenk-White halos,
along with spherical and elliptical Burkert halos. For both kinematics and lensing we
find examples where different models fit the data well but give enclosed masses that
are inconsistent with the true (i.e., input) values. This is especially notable when the
input and fit models differ in having cored or cuspy profiles (such as fitting an NFW
model when the underlying dark matter distribution follows a different profile). We
find that mass biases are more pronounced with lensing than with kinematics, and
using both methods can help reduce the bias and provide stronger constraints on the
dark matter distributions.
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1 INTRODUCTION
Some of the earliest evidence for dark matter (DM) came
from spiral galaxies, whose rotation curves reveal the gravi-
tational influence of unseen matter (e.g., Rubin et al. 1978;
Bosma 1981). As the Cold Dark Matter (CDM) paradigm
emerged, N-body simulations showed that pure dark matter
halos in equilibrium have spherically-averaged density pro-
files that are nearly universal and ‘cuspy’ (i.e., the profile
rises steeply toward the center; Navarro et al. 1996, 2010;
Nolting et al. 2016). By contrast, detailed studies of spiral
galaxy rotation curves seem to favor ‘cored’ profile with a
shallow or even flat dark matter density profile at small radii
(e.g., Salucci et al. 2007; Oh et al. 2011; Karukes, & Salucci
2017). Baryonic feedback appears to be important in resolv-
ing this cusp/core problem: bursts of star formation and the
associated feedback can generate repeated fluctuations in
the central potential well, changing the density profile and
turning cusps into cores (e.g., Bershady et al. 2010; Duffy
et al. 2010; Bryan et al. 2013; Teyssier et al. 2013; Di Cintio
et al. 2014; Chan et al. 2015; Brooks et al. 2017). Care-
? E-mail: sscibelli@email.arizona.edu
ful measurements of the inner profiles of dark matter halos
could therefore probe the baryonic processes that occur dur-
ing galaxy formation and evolution (e.g., Suyu et al. 2012).
If the DM profile were known, we could use rotation
curves to determine the mass-to-light ratio of the baryonic
component and hence constrain the low-mass end of the stel-
lar initial mass function (IMF). However, since the profile
is not known, current analyses cannot fully disentangle the
baryonic and DM contributions to the rotation curve. Some
assumptions yield models with a relatively low-mass disc and
a dense halo, while others lead to a more massive disc and
less massive halo (e.g., van Albada, & Sancisi 1986; van den
Bosch, & Swaters 2001; Dutton et al. 2005).
One way to ameliorate this ‘disc-halo degeneracy’ is to
combine rotation curves with strong gravitational lensing,
whenever both data are available for the same system (e.g,
Maller et al. 2000; Trott, & Webster 2002). Since the disc and
halo generally have different projected ellipticities, and thus
different effects on lensing observables (Keeton & Kochanek
1998), lensing offers a complementary way to separate the
stellar and DM components and break degeneracies that
arise with kinematics alone (e.g. Dutton et al. 2011; Barn-
abe` et al. 2011; Lyskova et al. 2018). Observational studies
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of spiral galaxy lenses have already been used to make in-
ferences about disc masses and stellar IMFs (e.g., Trott et
al. 2010).
When inferring physical parameters from models, the
crucial question is whether finding a statistically good fit
means the model is ‘correct’ in the sense that the param-
eter values correspond to the underlying dark matter dis-
tribution. This is an issue that can be investigated only if
the actual DM distribution is known independently. We cre-
ate such a condition by generating mock data using four of
the most commonly used DM profiles (Isothermal Sphere,
Navarro-Frank-White, spherical Burkert and elliptical Burk-
ert). The characteristics of the data (i.e., number of data
points, measurement uncertainties) are chosen to be consis-
tent with those typical of current surveys. Taking an agnostic
view of what the actual underlying DM profile is, we fit all
four mock datasets with all four models and examine how
masses recovered from the models compare with the input
masses. In this way we quantify the statistical uncertainties
from typical kinematic and lensing investigations, and we
examine whether adopting incorrect assumption about the
dark matter halo model leads to biases in mass measure-
ments. We consider kinematics and lensing separately and
together in order to evaluate each method independently and
ascertain whether a joint analysis yields improved results.
This paper is organized as follows. We summarize our
kinematic methods in Sec. 2 and our lensing methods in
Sec. 3. We describe the statistical analysis of fits in Sec. 4.
We then present the fit results in Sec. 5, first for kinematics
alone, then for lensing along, and finally for both together.
Finally, we summarize and conclude with a discussion in
Sec. 6.
2 ROTATION CURVE MODELING
For the kinematic analysis, we assume that stars and gas
follow circular orbits and model the rotation curve, vc(R),
with two contributions:
v2c = v
2
d + v
2
h, (1)
where vd denotes the contribution from the disc, for which
we use an exponential disc profile (Sec. 2.1), while vh denotes
the contribution from the dark matter halo, for which we use
different models as described below. We neglect any bulge
component because bulges are typically well-constrained and
display only mild correlations with both the disc and the
halo (e.g., Trott et al. 2010). Since it is the disc-halo degen-
eracy that is the most prominent in observations, we focus
our study on this. However, it will be interesting in future
studies to consider including a bulge.
The disc and halo parameters used to create the mock
data are reported in Table 1. For each combination of disc
and halo, we produce mock rotation curve data out to 9 kpc,
as shown in Figure 1. This choice is motivated by the typi-
cal data in studies that couple lensing and kinematics (e.g.,
Duffy et al. 2010; Suyu et al. 2012). Instead of trying to
compare each disc and halo parameter from model to model,
which can be challenging when different models have differ-
ent parametrisations, we compute the enclosed mass of the
disc and halo in order to make meaningful comparisons. The
Table 1. Rotation curve parameters used to create the mock
rotation data. Values loosely based on Gentile et al. (2004) but
chosen to create galaxies massive enough to serve as strong lenses.
rd M rc ρc
kpc 1010 M kpc 107 M/kpc3
Ell. Burkert 1.3 4.5 13.0 3.0
Sph. Burkert 1.3 4.5 13.0 3.0
rd M Mvir ρs
kpc 1010 M 1011 M 107 M/kpc3
NFW 1.3 4.5 8 1.3
rd (kpc) M rc ρ0
kpc 1010 M kpc 107 M/kpc3
IS 1.6 5.0 9.7 1.5
Table 2. Total enclosed mass based on the mock data for the
four models.
Tot Menc Halo Menc Tot Menc Halo Menc
Mock 4 kpc 4 kpc 9 kpc 9 kpc
Type 1010 M 1010 M 1010 M 1010 M
ELL 4.21 0.53 8.59 4.10
SPH 4.29 0.61 9.22 4.73
NFW 5.04 1.36 9.52 5.00
IS 3.91 0.36 7.95 3.05
Figure 1. Rotation curves out to a distance of 9 kpc produced
from mock data created from the elliptical Burkert profile in blue
(top left), spherical Burkert profile in orange (top right), NFW
in purple (bottom left), and IS halo in green (bottom right). In
black we have plotted the total rotation curve error bars at each
point along the curves, corresponding to 3 km s−1.
enclosed mass values for each of the four mock data cases
are presented below in Table 2.
2.1 Exponential Disc Profile
A thin exponential disc is described by two parameters: the
scale length, rd, and total mass, M (Table 1). Its surface
MNRAS 000, 1–13 (2018)
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mass density is given by
Σ = Σ0 exp(−r/rd) , (2)
where the central surface mass density is related to M and
rd via
Σ0 =
M
2pir2
d
. (3)
Integrating to obtain the enclosed mass yields
M(r) = 2piΣ0r2d [1 − exp(−r/rd)(1 + r/rd)] . (4)
The circular speed of an exponential disc is given by
vd(R)2 = piGΣ0
R2
rd
[
I0
(
R
2rd
)
K0
(
R
2rd
)
− I1
(
R
2rd
)
K1
(
R
2rd
)]
(5)
where I0, K0, I1, and K1 are modified Bessel functions (Bin-
ney & Tremaine 2008). Since at larger radii in spiral galaxies
there is less visible matter, this profile declines with increas-
ing radius.
2.2 Burkert Model
A spherical Burkert halo (Salucci & Burkert 2000) has a
density profile given by
ρ(r) = ρcr
3
c
(r + rc)(r2 + r2c )
, (6)
where rc is the core radius and ρc is the density in the core
(Table 1). The enclosed mass is
M(r) = piρcr3c
[
−2 arctan x + 2 ln(1 + x) + ln(1 + x2)
]
, (7)
where x = r/rc . The corresponding circular velocity then
follows from vh(r)2 = GM(r)/r or
vh(r)2 =
piGρcr2c
x
[
−2 arctan x + 2 ln(1 + x) + ln(1 + x2)
]
. (8)
To obtain an elliptical model, we assume an oblate
spheroid with axis ratio 0 < c ≤ 1. Binney & Tremaine
(2008) provide a formula for the equatorial rotation curve of
such a model:
vh(r)2 = 4piG
√
1 − e2
∫ r
0
m2ρ(m)√
r2 − e2m2
dm , (9)
where the eccentricity is e =
√
1 − c2. Evaluating the integral
yields
vh(r)2 = piGρcr2cc
{
2
ψ+
[
arctan (x) + arctan
(
e2
x + cψ+
)]
+
1
ψ+
ln
[
(x2 + 1) (x + ψ+)
2
(x + cψ+)2 + e4
]
+
2
ψ−
ln
[
(x + 1) x + ψ−
x + e2 + cψ−
]}
, (10)
where again x = r/rc and ψ± =
√
x2 ± e2. Note that ψ− be-
comes imaginary when x < e, but with a little algebra we
can rewrite the expression as
vh(r)2 = piGρcr2cc
{
− 2
ψ+
[
arctan(x) + arctan
(
e2
x + cψ+
)]
+
1
ψ+
ln
[
(x2 + 1) (x + ψ+)
2
(x + cψ+)2 + e4
]
+
2
ξ−
[
arctan
(
ξ−
x
)
− arctan
(
cξ−
x + e2
)]}
, (11)
where ξ− =
√
e2 − x2. Note that these expressions reduce to
the spherical case when c = 1 and e = 0. For our models
we use e = 0.5. In practice, there are numerical instabilities
(e.g., cases of 0/0) near x = e. We therefore make a Taylor
series approximation when 0.3 < x < 1.3 (for c = 0.866 or
e = 0.5).
We decided to construct separate spherical and elliptical
models only for the Burkert profile because of its ‘cored’
nature, which is more aligned with observations (as opposed
to NFW which is ‘cuspy’ and the Isothermal profile which
is infinite in extent).
2.3 NFW Profile
A spherical NFW halo is specified by two parameters, which
can be taken to be the virial mass, Mvir, and the character-
istic density, ρs (Table 1). The density profile has the form
ρ =
ρs
(r/rs)(1 + r/rs)2
, (12)
where rs is the scale radius and ρs is the scale density. Fol-
lowing Gentile et al. (2004), we can relate the scale radius
to the virial mass as
rs ' 5.7
(
Mvir
1011M
)0.46
kpc . (13)
Equivalently, if we define the concentration to be cs = rvir/rs,
we can then write
cs ' 20
(
Mvir
1011M
)−0.13
. (14)
The characteristic density of the distribution, ρs, is related
to the critical density of the universe, ρc (see Gentile et al.
2004):
ρs ' 1013
[
c3s
ln(1 + cs) − cs/(1 + cs)
]
ρc . (15)
The enclosed mass and rotation curve are:
M(r) = 4piρsr3s
[
ln
(
rs + r
rs
)
− r
rs + r
]
, (16)
v(r)2 = 4piGρsr3s
[
1
r
ln
(
1 +
r
rs
)
− 1
rs + r
]
. (17)
2.4 Isothermal Sphere
The pseudo-isothermal sphere density profile has density
ρ(r) = v
2
c
4piG
1
r2c + r2
, (18)
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where vc is the asymptotic circular velocity, and rc is the core
radius. Equivalently, the central density is ρ0 = v
2
c/(4piGr2c ).
The enclosed mass and rotation curve are:
M(r) = 4piρ0r3c
(
r
rc
− arctan r
rc
)
, (19)
v(r)2 = 4piGρ0r2c
(
1 − rc
r
arctan
r
rc
)
. (20)
For our purposes, the model is specified by the characteristic
density, ρ0, and the core radius, rc (Table 1).
2.5 Mock Data Production
We model large spiral galaxies using radius and mass pa-
rameters similar to those of observed galaxies described in
Gentile et al. (2004). Their largest circular velocity was at
∼170 km/s, but we increase ours to ∼250 km/s to create
better candidates for strong lensing. We construct rotation
curves by using the parameters in Table 1 and the equations
described above. We assume velocity uncertainties of 3 km/s
at each mock data point, similar to typical data (e.g., van
Albada et al. 1985; Xue et al. 2008; Bershady et al. 2010;
Gentile et al. 2004; Trott et al. 2010, etc.). Our analysis does
not include random noise, so we may find χ2 values that are
(much) less than the number of degrees of freedom but are
still reasonable and meaningful.
3 LENS MODELING
The lensing analysis begins with the lens equation connect-
ing a source at angular position ®u on the sky with an image
at angular position ®x,
®u = ®x − ∇φ(®x) , (21)
where the lens potential φ is determined from the surface
mass density, Σ(®x), by the two-dimensional Poisson equation
∇2φ = 2 Σ
Σcrit
. (22)
The critical surface density for lensing is
Σcrit =
c2 Ds
4piG Dl Dls
, (23)
where Dl and Ds are angular diameter distances to the lens
and source, respectively, while Dls is the angular diameter
distance from the lens to the source.
The kinematic parameters from Table 1 are converted
into lensing parameters as described below and listed in
Table 3. Given the parameters, we use lensmodel (Keeton
2001) to solve the lens equation and compute lensing criti-
cal curves and caustics. We place the source near the origin,
®u = (0.01, 0.0) arcsec, to obtain a cross image configuration.
The images, critical curves, and caustics are shown in Fig-
ure 2. Note that the models predict five images because all
of them have a finite central density that leads to a non-
vanishing radial critical curve.
In the following subsections we describe the parameter
conversions. Expressions for the lensing potential, deflection,
etc. can be found in Keeton (2001).
Table 3. The lensing parameters were converted from the ro-
tation curve parameters in Table 1. The lens galaxy has redshift
zl = 0.3 while the source has redshift zs = 2.0.
Models rd (
′′) κ0 rc (′′) κh
Elliptical Burkert 0.164 1.704 1.639 0.152
Spherical Burkert 0.164 1.704 1.639 0.152
rd (
′′) κ0 rs (′′) κs
NFW 0.164 1.704 1.876 0.0743
rd (
′′) κ0 bIS (′′) sIS (′′)
IS 0.205 1.091 0.014 0.039
Figure 2. Caustics (left) and critical curves (right) for the mock
data fit to the corresponding profile, for the elliptical Burkert
(blue), spherical Burkert (orange), NFW (purple), and IS model
(green). We note that the source position error used was 0.003
arcseconds, the lens position error was 0.005 arcseconds, and the
error on the flux was 10% of the source flux.
3.1 Exponential Disc Profile
We imagine viewing the exponential disc from eq. (2) at an
inclination angle i defined such that i = 0 for a face-on disc
while i = 90◦ for an edge-on disc. Then the projected axis
ratio (assuming a thin disc) is q = cos i. We adopt i = 60◦
and hence q = 0.5. For lensing, the disc scale radius rd is
converted to angular units appropriate to the redshift of the
lens, while the central surface mass density goes into the
dimensionless lensing strength
κ0 =
Σ0
Σcrit
, (24)
MNRAS 000, 1–13 (2018)
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where Σ0 is given by eq. (3).
3.2 Burkert Model
When the Burkert model from eq. (6) is projected for lens-
ing, the important parameter is the dimensionless lensing
strength
κh =
ρcrc
Σcrit
. (25)
For the spherical model, the projection is circular. For the
elliptical model, the projection is an ellipse whose projected
axis ratio is given by
q =
√
cos2 i + c2 sin2 i , (26)
where i is again the inclination angle and c is the semi-axis
in the z-direction. We fix i = 60◦ as for the disc, and we
adopt c = 0.5 as for the kinematic analysis, which yields a
projected axis ratio q = 0.66.
3.3 NFW Profile
The projection of the NFW model from eq. (12) is charac-
terized by the dimensionless lensing strength
κs =
ρsrs
Σcrit
. (27)
In our analysis the NFW halo is spherical so its projection
is circular.
3.4 Isothermal Sphere
The isothermal sphere lens is usually characterized by its
Einstein radius and core radius. Given the asymptotic cir-
cular velocity vc =
√
4piGρcr2c , the Einstein radius parameter
is
bIS = 2pi
( vc
c
)2 Dls
Ds
. (28)
The core radius is simply converted to angular units as sIS =
rc/Dl . In our analysis the isothermal halo is spherical so its
projection is circular.
3.5 Mock Data Production
The lensing analysis depends on cosmological distances,
which we compute assuming a flat ΛCDM cosmology with
Ωm = 0.3, Ωv = 0.7, and H0 = 75 km/s/Mpc, We choose
a lens redshift zl = 0.3 and source redshift zs = 2.0 that
are typical of galaxy lensing studies (e.g., Maller et al. 2000;
Hoekstra et al. 2004; Mandelbaum et al. 2006; Howell &
Brainerd 2010). The critical density for lensing is then 0.525
g cm−2. We include typical errors for the image positions
(0.003 arcsec) and the galaxy position (0.005 arcsec), and a
flux error that corresponds to 10% of the source flux (see,
e.g., Tables 4–5 of Shajib et al. 2018).
4 FITTING METHODS
Given a set of mock data, we can fit a model for the mass
distribution using standard Bayesian methods. The poste-
rior probability distribution for the model parameters (de-
noted by η) given the data (denoted by d) can be written as
P(η |d) =
likelihood︷ ︸︸ ︷
P(d |η)
prior︷︸︸︷
P(η)
P(d)︸︷︷︸
evidence
. (29)
Here the likelihood is P(d |η) ∝ e−χ2/2 where the usual good-
ness of fit is
χ2 =
N∑
i=1
[]dmod
i
(η) − di]2
σ2
i
. (30)
For the kinematic analysis we compute χ2 directly in
python, while for the lensing analysis we compute it using
lensmodel. We assume flat priors P(η) = const. We sample
the posterior using Markov Chain Monte Carlo methods im-
plemented in the python package emcee.1 As noted above,
we choose to compare models using enclosed mass. We use
the MCMC samples to compute mass values, and we report
the median as well as the 68% confidence interval (spanning
the 16th to 84th percentiles).
We use mock data from each of the four mass distribu-
tions, and we fit every data set using all four models. Thus
we have a total of sixteen fits each for kinematics and lens-
ing. Having all possible comparisons allows us to examine
both statistical and systematic errors in the modeling anal-
ysis. We also consider simultaneous fits to the kinematics
and lensing data (which can be done simply by summing χ2
values, since the data are independent).
It is useful to quantify the number of degrees of freedom.
Each mass model has four free parameters. Each kinematics
data set has 9 data points, so DOF = 5. Each lensing data
set has 15 observables (position and brightness for each of
five images) along with three additional free parameters (the
position and brightness of the source), so DOF = 8.
5 RESULTS
Our fits reveal the common disc/halo degeneracy, as illus-
trated in Figure 3: all four halo models can give reasonable
fits to the NFW mock data, but the isothermal and Burkert
models underestimate the halo and overestimate the disc. A
perhaps more interesting set of results is shown in Figure 4:
sometimes models fit the rotation curve and give accurate
values for the enclosed mass (top panel), but other times
models that are consistent with the rotation curve give in-
correct masses (bottom panel). The latter case represents
the type of bias we wish to identify.
Table 4 reports enclosed mass values from all of the
model fits to the elliptical Burkert mock data, for both kine-
matics and lensing. Tables 5–7 then report similar results for
1 http://dan.iel.fm/emcee/current/
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Figure 3. We illustrate of the common disc/halo degeneracy
for spiral galaxy rotation curves. When we fit NFW mock data
(black) with various models, it is clear that the isothermal and
Burkert models underestimate the halo and overestimate the disc.
the other mock data sets. Values at 4 kpc and 9 kpc are cho-
sen as representative probes of the inner and outer regions
of the visible galaxy. To better visualise the various results,
we plot enclosed mass versus reduced χ2 for each mock data
in Figures 5 (for the total enclosed mass) and 6 (for the halo
mass only). We now discuss the results for kinematics and
lensing separately, followed by a joint analysis.
5.1 Kinematics
In the left panel of Figure 5 we plot the results of the compar-
ison of the total mass out to 9 kpc (closed symbols). We find
that, for fits to the elliptical Burkert mock data, the spher-
ical Burkert, NFW and IS fits reproduce the rotation curve
well but give incorrect enclosed mass values. For example,
in Table 4 we see that, when the spherical Burkert fit is ap-
plied, the enclosed mass out to 9 kpc is 9.20+0.25−0.23 × 1010 M,
which is outside the true value of 8.59 × 1010 M, yet the
fitted rotation curve reproduces the data very well (bottom
panel of Fig. 4). This trend is true as well in the spherical
Burkert mock data case and the NFW mock data case for
just the elliptical fit. The elliptical Burkert fit to the NFW
mock data produces an enclosed mass that, while having
small errors, is slightly inconsistent with the enclosed mass
produced by the NFW mock data model; more specifically,
the elliptical fit to the NFW mock yields an enclosed total
mass value of 9.26+0.23−0.22 × 1010 M out to 9 kpc, whereas the
true value is 9.52× 1010 M. For the IS mock data model no
such case was found. Additionally, we point out that in the
NFW mock data case (see Table 6), we find that the spheri-
cal, elliptical and IS fits underestimate the halo contribution
(i.e., the classic disc-halo degeneracy seen clearly in Fig. 3).
In the right panel of Figure 6 we plot the results of the
comparison of the total mass out to 4 kpc (closed symbols),
and find that in the elliptical, spherical and IS mock data
cases the NFW fit reproduces the rotation curve well but
yields incorrect enclosed mass values. This is also true in the
Figure 4. Examples of rotation curves for two separate scenarios
that occur in our kinematic fitting results. Top: Here an elliptical
Burkert model fit to IS mock data. In this case the fit is sta-
tistically good and the original enclosed mass value is correctly
reproduced: the true enclosed mass is 7.95 × 1010 M and the fit
gives an enclosed mass of 7.82+0.21−0.20 × 1010 M, out to 9 kpc. Bot-
tom: Here a spherical Burkert model is fit to elliptical Burkert
mock data. This is an example of the interesting cases in which
we have a statistically good fit yet the enclosed mass values are
not consistent: the fit yields 9.20+0.25−0.23 × 1010 M whereas the true
value is 8.59 × 1010 M.
case of the NFW mock data when fit to either the elliptical
and spherical fits.
We perform the same analysis for the halo mass to see
if there are differences or consistencies. In the left panel of
Figure 6 we plot the results of the comparison of the halo
mass out to 9 kpc, and find only one case where the halo
rotation curve is reproduced well but the incorrect enclosed
mass value is inferred, and this is the spherical fit to the
elliptical mock data. In the right panel of Figure 6 we plot
the outcome of the comparison of the halo masses out to
4 kpc, and find no discrepancy in the mass values inferred
from the fits.
An interesting finding is that, for some configurations,
different models fit the same mock data, yet the enclosed
mass values are inconsistent with the actual ones for the
models from which the mock data were drawn from. We have
marked with an asterisk in Tables 4, 5, 6 and 7 those cases
MNRAS 000, 1–13 (2018)
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Figure 5. Visual summary of all the fitting results comparing the total enclosed mass out to 9 kpc (left) versus the reduced χ2 of the
corresponding fit, and 4 kpc (right) versus the reduced χ2 of that fit. The color indicates the fit to that model, i.e. blue is the elliptical
Burkert fit, orange is the spherical Burkert fit, purple is the NFW fit and green is the isothermal sphere fit. The dashed lines represent
the true mass for each of the profiles, i.e., fits (points) that lie closer to the dashed line best reproduce the enclosed mass of the true
profile. The open circles denote the lensing fits and the closed circles indicate the kinematics fits. In general, the lensing measurements
have larger errors and get the enclosed mass wrong more than for the kinematics method.
Figure 6. Visual summary of the fitting results comparing the enclosed halo mass out to 9 kpc (left) versus the reduced χ2 of the
corresponding fit, and 4 kpc (right) versus the reduced χ2 of the fit. Symbols and colors are as in Figure 5.
which provide a good match to the rotation curve, but yield
incorrect enclosed mass values. In total there are 11 cases.
In Table 8 we clearly list which combinations yield incorrect
mass values but are good fits to the mock data.
5.2 Lensing
The results of the fits with the lensing method are also shown
in Figures 5 and 6 (open symbols). The figures allow to
easily visualize the cases for which the lensing method finds
the best minimized χ2 enclosed mass values which are not
consistent with the true enclosed mass values, and in Table
9 we list for which combinations this is true (marked with †
in Tables 4, 5, 6 and 7).
We point out that, for the elliptical Burkert mock data
case (Table 4), we find in both the NFW and IS fit that
the total mass and the halo mass have large uncertainties
at large radii; in particular, the total enclosed mass out to
9 kpc in the NFW fit is 13.27+1.77−2.49 × 1010 M and in the
IS fit is 8.25+5.45−2.90 × 1010 M, yet only the IS fit produces a
mass consistent with the true value of 8.59 × 1010 M. We
find that the NFW fit and lensing method together cannot
fit the mock data and hence have the largest χ2 value. In
MNRAS 000, 1–13 (2018)
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Figure 7. Posterior probability distribution for the disc, halo,
and total masses enclosed within 9 kpc, for kinematics (black)
and lensing (blue). Here elliptical Burkert mock data are fit with
a spherical Burkert model. The red lines/points indicate the ‘true’
masses (in units of 1010 M). It is clear that lensing provides a
weaker constraint, which we find to be the case most of the time.
general, we find that kinematics provide better constraints
on the parameters (i.e., smaller uncertainties); even though
lensing formally has more constraints, they do not appear
to be as constraining for the enclosed mass on the scales
being considered (see Fig. 7). Additionally, since we chose
baryons to be the dominant constituent in the inner parts
of the galaxies, the rotation curve reduces slightly the disc-
halo degeneracy. Therefore, this can explain why we find
degeneracies less severe than those for lensing. Such mild
kinematic degeneracies are not normal for disc galaxies, i.e.,
most disc galaxies rise smoothly to a plateau (e.g., Dutton et
al. 2005) versus our mock galaxies which drop in amplitude
right before the plateau.
We find that even though the χ2 in the case of the
lensing method is smaller, the error bars are significantly
larger and the given enclosed mass values are more likely to
be inconsistent with the true values. In the IS mock data
case (Table 7) the kinematic method generally does better
at constraining each enclosed mass, albeit with larger χ2
(e.g., for the NFW fit, kinematics gives χ2 = 0.5 versus
lensing which gives χ2 = 0.01). We remind the reader that
we can compare such low χ2 values because here, by using
mock data, we do not sample random noise, unlike in real
observational data.
Last, it is important to keep in mind that the specific χ2
values that we report depend on our assumed measurement
errors. While we adopted typical values, different surveys
are made at different sensitivities, and more accurate data
will obviously lead towards reducing parameter degeneracies
(see, e.g., Jimenez, Verde & Oh 2003).
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Figure 8. Posterior probability distribution for the model pa-
rameters in an NFW fit to spherical Burkert mock data. Here the
posterior distributions for kinematics (black) and lensing (blue)
do not overlap. The red lines/points indicate the ‘true’ parameters
as in Table 1.
5.3 Combined Analysis
Next, we couple the kinematics and lensing fits to obtain an
overall χ2. This was done by combining, within the probabil-
ity function, the likelihood from kinematics with the lensing
probability function.
We often find that the kinematics and lensing data can
be fit separately but not jointly. The model that fits the
kinematics does not do a good job with the lensing, and vice
versa. In the case of the NFW fit to the spherical Burkert
mock data, for example, we find a large χ2 of 1440, yet the
enclosed mass value is close to the true mass (9.05×1010 M
vs. 9.22×1010 M ). The large χ2 value in the joint fit arises
because the posteriors from the kinematics and lensing fits
have little overlap, as shown in Figure 8. Thus a combined
analysis of kinematics and lensing may be able to reveal that
the model is fundamentally incorrect.
6 SUMMARY AND CONCLUSIONS
Dark matter makes up almost a quarter of the energy-
density of the Universe; however, its nature remains elusive.
Given its dark character, measurements of the amount of
dark matter rely on the effects of its mass on the surround-
ings. The two most important methods of measuring mass
in individual galaxies are fits to rotation curves and lensing.
In any statistical analysis, it is of paramount importance
to be able to assess the robustness with which a statisti-
cally good fit with a certain model does indeed provide a
realistic description of the data. Here we have investigated
this issue via mock data of rotation curves and lensing, for
the four most commonly used halo density profiles (NFW,
IS, spherical Burkert and elliptical Burkert). Since under
these conditions the actual model is known by construction,
we have been able to assess whether fitting the data with
an ‘incorrect’ density profile can sometimes still result in a
good fit, and hence yield a biased inference on the amount
of DM.
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More specifically, we have been able to provide an esti-
mate of fM = Mfit/Mmock for different combinations of ‘real’
profiles data and fitted ones, and learn when and where er-
rors on the inferred fM are the largest. This analysis has
been done with both the kinematic and the lensing methods
separately, as well as with combined data, to best mimic the
conditions of actual observational surveys.
Table 10 summarizes these ratios for the masses out to
9 kpc, for all possible model combinations (four models each
fitted with each of the four models), and the two analysis
methods, for a total of 32. It is evident how, for each set of
mock data from a given model, there are some statistically
good fits which yield an enclosed mass which can differ by
up to about 50% from the actual values. The largest discrep-
ancies tend to occur with the lensing method, but there are
several cases of inconsistencies also found via the kinematic
method.
Some general trends can be identified within our results.
In particular, we note that at large radii the uncertainty
in the mass increases, and especially so in those cases in
which we are comparing cuspy versus cored profiles. Inter-
estingly in this regard, an NFW halo was used by Trick et al.
(2016) in their data modeling; they found good agreement
between the lens and dynamical models they used to inves-
tigate the mass distribution of a spiral galaxy comparable to
ours [Mein = (7.8±0.3)×1010 M]; however, at large radii they
noted that the masses inferred with the two methods were
becoming inconsistent. In our models, the typical distance
of the lensed images from the center of the galaxy is around
∼ 1 kpc. Since lensing only constrains the mass within the
Einstein radius, this can explain why there is large discrep-
ancy of enclosed mass out to 4 and 9 kpc (columns 6 and 7
in Tables 4-7).
We have compared our mock galaxies to those from the
SWELLS survey (Barnabe`, et al. 2012; Dutton et al. 2011)
and found that ours, though smaller on average, show the
same trend that the dark matter fraction decreases with
circular speed, as shown in Fig. 1 of Courteau & Dutton
(2015). Also note that the biases we find are within the range
of uncertainties of the SWELLS sample.
Overall we find that, when fitted to mock data from
different profiles, the NFW fit underestimates the total mass
and overestimates the halo contribution; this holds true for
all cases, except of course for the NFW to NFW fit for the
kinematic and lensing method, a clear depiction of the disc-
halo degeneracy.
To summarize, our work has demonstrated and quan-
tified potential biases in inferring the amount of DM mass
in spiral galaxies. We have done so independently for the
kinematic and the lensing method. We have found that a
tell tale sign of statistically good fits with incorrect mass
measurements could be a discrepancy between the enclosed
mass at large radii inferred with the two methods.
Generally, biases are more pronounced for lensing alone;
that is, we find that lensing fits yield more often incorrect
values for the enclosed mass than do kinematics fits alone.
Therefore, whenever possible, we encourage observers to add
kinematic data in addition to the lensing ones in order to
correctly retrieve the underlying mass distribution.
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Table 4. Elliptical Burkert mock data fitting results. *Kinematic values where the rotation curve fit is statistically good but gives an
inconsistent mass value outside given uncertainties. †Lensing values that give good fit to the mock data but yield an enclosed mass value
inconsistent with the true mass. From Table 2, the true enclosed mass values (in units of 1010 M) are as follows: Total Menc(4 kpc) = 4.21,
Halo Menc(4 kpc) = 0.53, Total Menc(9 kpc) = 8.59, Halo Menc(9 kpc) = 4.10.
Mock Data Fit Method Tot Menc 4kpc Halo Menc 4kpc Tot Menc 9kpc Halo Menc 9kpc χ2 DOF
1010 M 1010 M 1010 M 1010 M
ELL ELL Kinematics 4.21+0.05−0.05 0.49
+0.13
−0.08 8.57
+0.20
−0.21 4.05
+0.34
−0.34 0.01 5
Lensing 4.16+0.21−0.26 0.50
+0.20
−0.14 8.39
+0.67
−0.69 3.93
+0.93
−0.76 < 0.01 8
SPH Kinematics 4.29+0.05−0.05 0.58
+0.15
−0.10 *9.20
+0.25
−0.23 *4.68
+0.39
−0.38 0.01 5
Lensing 4.06+0.40−0.89
†0.76+0.45−0.28 8.62
+0.86
−1.37 4.68
+0.39
−0.38 < 0.01 8
NFW Kinematics *4.47+0.04−0.04 1.45
+0.10
−0.10 *8.89
+0.23
−0.22 5.28
+0.38
−0.38 1.31 5
Lensing †6.42+0.68−0.54
†2.19+0.85−1.14
†13.27+1.77−2.49 8.21
+3.30
−4.51 0.01 8
IS Kinematics 4.24+0.06−0.05 0.44
+0.14
−0.06 *8.89
+0.24
−0.25 4.22
+0.38
−0.43 0.02 5
Lensing 4.00+0.60−0.40 0.49
+0.74
−0.37 8.25
+5.45
−2.90 3.80
+6.13
−3.09 < 0.01 8
Table 5. Similar to Table 4 but for spherical Burkert mock data. From Table 2, the true enclosed mass values (in units of 1010 M) are
as follows: Total Menc(4 kpc) = 4.29, Halo Menc(4 kpc) = 0.61, Total Menc(9 kpc) = 9.22, Halo Menc(9 kpc) = 4.73.
Mock Data Fit Method Tot Menc 4kpc Halo Menc 4kpc Tot Menc 9kpc Halo Menc 9kpc χ2 DOF
1010 M 1010 M 1010 M 1010 M
SPH SPH Kinematics 4.29+0.05−0.05 0.56
+0.13
−0.08 9.21
+0.25
−0.24 4.67
+0.40
−0.36 0.02 5
Lensing 4.05+0.41−0.67 0.73
+0.47
−0.27 8.68
+0.79
−1.29 4.67
+0.40
−0.36 < 0.01 8
ELL Kinematics 4.24+0.05−0.05 0.52
+0.14
−0.08 *8.87
+0.21
−0.21 4.34
+0.35
−0.34 0.01 5
Lensing 4.19+0.19−0.22 0.56
+0.23
−0.17 8.59
+0.72
−0.75 4.13
+1.10
−0.86 < 0.01 8
NFW Kinematics *4.44+0.04−0.04 1.50
+0.12
−0.11 9.06
+0.23
−0.23 5.56
+0.40
−0.40 1.25 5
Lensing †6.44+0.66−0.65
†2.12+0.88−1.07
†13.15+2.00−2.48 8.00
+3.70
−4.23 0.01 8
IS Kinematics 4.27+0.06−0.05 0.49
+0.13
−0.08 9.19
+0.25
−0.28 4.56
+0.39
−0.41 0.03 5
Lensing 4.01+0.87−0.33 0.47
0.87
0.33 8.27
+5.89
−2.75 3.84
+6.38
−2.92 < 0.01 8
Table 6. Similar to Table 4 but for spherical NFW mock data. From Table 2, the true enclosed mass values (in units of 1010 M) are
as follows: Total Menc(4 kpc) = 5.04, Halo Menc(4 kpc) = 1.36, Total Menc(9 kpc) = 9.52, Halo Menc(9 kpc) = 5.00.
Mock Data Fit Method Tot Menc 4kpc Halo Menc 4kpc Tot Menc 9kpc Halo Menc 9kpc χ2 DOF
1010 M 1010 M 1010 M 1010 M
NFW NFW Kinematics 5.04+0.05−0.05 1.36
+0.13
−0.12 9.47
+0.25
−0.25 4.97
+0.44
−0.45 0.01 5
Lensing 5.07+0.17−0.29 1.23
+1.24
−0.89 9.08
+3.11
−2.10 4.39
+4.87
−3.34 < 0.01 8
ELL Kinematics *4.82+0.07−0.08 0.81
+0.18
−0.12 *9.26
+0.23
−0.22 4.44
+0.29
−0.25 0.06 5
Lensing †4.04+0.21−0.28
†0.27+0.34−0.19 6.34
+1.07
−0.74
†1.84+1.69−1.10 0.01 8
SPH Kinematics *4.88+0.09−0.09 0.88
+0.20
−0.15 9.56
+0.26
−0.24 4.75
+0.29
−0.29 0.05 5
Lensing †3.96+0.19−0.59
†0.49+0.52−0.35 8.89
+0.67
−1.17 4.75
+0.29
−0.29 < 0.01 8
IS Kinematics 4.89+0.14−0.24 0.81
+0.23
−0.32 9.77
+0.38
−0.46 4.90
+0.41
−0.61 0.07 5
Lensing †3.81+0.69−0.54 0.58
+0.87
−0.43 8.60
+7.36
−3.41 4.61
+7.68
−3.68 < 0.01 8
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Table 7. Similar to Table 4 but for spherical IS mock data. From Table 2, the true enclosed mass values (in units of 1010 M) are as
follows: Total Menc(4 kpc) = 3.91, Halo Menc(4 kpc) = 0.36, Total Menc(9 kpc) = 7.95, Halo Menc(9 kpc) = 3.05.
Mock Data Fit Method Tot Menc 4kpc Halo Menc 4kpc Tot Menc 9kpc Halo Menc 9kpc χ2 DOF
1010 M 1010 M 1010 M 1010 M
IS IS Kinematics 3.90+0.12−0.05 0.39
+0.10
−0.06 8.12
+0.33
−0.24 3.30
+0.33
−0.30 0.01 5
Lensing †3.49+0.31−0.22 0.37
+0.32
−0.23 7.49
+2.81
−2.22 2.97
+3.013
−2.03 0.03 8
ELL Kinematics 3.88+0.05−0.05 0.45
+0.15
−0.09 7.82
+0.21
−0.20 3.17
+0.39
−0.31 < 0.01 5
Lensing †3.14+0.09−0.18 0.19
+0.29
−0.16 5.00
+1.23
−0.54
†1.09+1.72−0.97 0.07 8
SPH Kinematics 3.92+0.06−0.05 0.49
+0.16
−0.11 8.06
+0.23
−0.23 3.42
+0.42
−0.33 0.01 5
Lensing †3.09+0.14−0.31 0.41
+0.48
−0.29 7.07
+0.63
−0.97
†3.42+0.42−0.33 0.07 8
NFW Kinematics *4.08+0.04−0.04 1.09
+0.16
−0.16 8.02
+0.29
−0.29 3.95
+0.56
−0.57 0.55 5
Lensing †3.34+0.15−0.15 0.43
+0.39
−0.32 5.74
1.42
1.10
†1.471.501.15 0.01 8
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Table 8. Outliers in the kinematics analysis. These are combina-
tions that give a good fit to the mock data but yield an enclosed
mass value inconsistent with the real one.
Mock Data Fit Mass Type Distance (kpc)
ELL SPH total 9
SPH halo 9
NFW total 9
NFW total 4
IS total 9
SPH ELL total 9
NFW total 4
NFW ELL total 9
ELL total 4
SPH total 4
IS NFW total 4
Table 9. Outliers in the lensing analysis.
Mock Data Fit Mass Type Distance (kpc)
ELL NFW total 9
NFW total 4
SPH halo 9
NFW halo 4
SPH NFW total 9
NFW total 4
NFW halo 4
NFW ELL total 4
SPH total 4
IS total 4
ELL halo 9
ELL halo 4
SPH halo 4
IS NFW total 4
ELL total 4
SPH total 4
IS total 4
SPH halo 9
ELL halo 9
NFW halo 9
This paper has been typeset from a TEX/LATEX file prepared by
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Table 10. Fit/mock comparison of the enclosed mass up to
9 kpc, for all the models considered here, and for both methods
of analysis.
Mock Fit Method fM = Mfit/Mmock
ELL ELL Kinematics 1.00+0.01−0.01
Lensing 0.98+0.06−0.05
SPH Kinematics 1.02+0.01−0.01
Lensing 0.96+0.10−0.21
NFW Kinematics 1.06+0.01−0.01
Lensing 1.52+0.16−0.13
IS Kinematics 1.01+0.01−0.01
Lensing 0.95+0.14−0.10
SPH SPH Kinematics 1.00+0.01−0.01
Lensing 0.94+0.10−0.16
ELL Kinematics 0.99+0.01−0.01
Lensing 0.98+0.04−0.05
NFW Kinematics 1.03+0.01−0.01
Lensing 1.50+0.15−0.15
IS Kinematics 1.00+0.01−0.01
Lensing 0.93+0.20−0.08
NFW NFW Kinematics 1.00+0.01−0.01
Lensing 1.01+0.03−0.06
ELL Kinematics 0.96+0.01−0.02
Lensing 0.80+0.04−0.06
SPH Kinematics 0.97+0.02−0.02
Lensing 0.79+0.04−0.12
IS Kinematics 0.97+0.03−0.05
Lensing 0.76+0.14−0.11
IS IS Kinematics 1.00+0.03−0.01
Lensing 0.89+0.08−0.06
ELL Kinematics 0.99+0.01−0.01
Lensing 0.80+0.02−0.05
SPH Kinematics 1.00+0.02−0.01
Lensing 0.79+0.04−0.08
NFW Kinematics 1.04+0.01−0.01
Lensing 0.85+0.04−0.04
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